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Abstract
Starting from previous results concerning determinants and permanents of (0, 1) circulant matrices, and
using theory on finite fields with characteristic 2, we first see (denoting by A the n × n (0, 1) circulant matrix
whose 1’s in the first row are exactly in positions i1, i2, . . . , ik) that Per(A) is even iff gcd(xi1 + xi2 + · · · +
xik , 1 + xn) /= 1 in Z2[x].
We then derive some consequences for specific classes of primes n: in particular, when n is a prime such
that the group Z∗n is generated by the residue class 2, we see that for k /= n and k odd the value Per(A) is
always odd. Similarly, for n > 7 and n prime with the group of squares in Z∗n generated by the class 2, we
see that for k = 3 the value Per(A) is always odd. Contrary to such cases, we find that when n is a Mersenne
prime greater than 3, there are a significant number of circulants A of the above form with k odd and Per(A)
even.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Several questions involving permanents of (0, 1) circulant matrices have been recently studied,
and significant results have been obtained. It is presently known that the permanent of generic
n × n square matrix can be computed in O(n2n) cost (see [7]), and that such cost is not reduced
(see [4]) even if we consider just the (0, 1) matrices with only three 1’s per row and column. An
E-mail address: g.sburlati@iit.cnr.it
0024-3795/$ - see front matter ( 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2007.11.002
1950 G. Sburlati / Linear Algebra and its Applications 428 (2008) 1949–1955
additional condition on the matrices, sufficient in order to obtain a non-trivial reduction of the cost
in calculating permanents, is that the matrices are circulant: in fact, in [3] one can find formulas
involving determinants of suitable circulant matrices, which give a direct way to calculate in linear
time the permanent of any (0, 1) circulant with three 1’s per row.
In the meantime, the permanents Per(A) of n × n (0, 1) circulant matrices A with three ones
per row, have been also studied from different viewpoints. In [1,6] the authors deal with the
problem of counting the maximum number of possible values that Per(A) can take when n is
fixed, and they prove upper bounds tight in most cases.
Successively in [8] an investigation is provided on constraining congruences for the values
Per(A) (modulo primes p dividing the order n of A), depending on n and on the positions of 1’s
in the first row of A. However, for the characteristics of tools utilised in such paper, the condition
p|n is necessary, and such tools are totally useless for deducing congruences modulo primes p
not dividing n.
In this paper new tools, deriving from linear algebra and finite fields with characteristic 2, are
introduced to obtain informations on the parity of values Per(A) for n odd. In particular, using
the relation Per(A) ≡ Det(A) (mod 2), we find conditions (on certain polynomials in Z2[x]
associated to A) characterizing the parity of Per(A), which show the reason for which (when n is
prime) very rarely Per(A) is even. (In fact, for a significant class of primes n, we see that Per(A) is
always odd.) These arguments can also be applied to n × n (0, 1) circulants A having in each row
a generic odd number k (with k < n) of nonzero entries: for specific primes n, a result analogous
to that for k = 3 is obtained for any odd k < n.
After this, a class is shown of very particular primes n (the Mersenne primes greater than 3),
admitting (contrary to most primes) an even value of Per(A) for a significant number of n × n
(0, 1) circulants A with k (k odd, k < n) nonzero entries per row. At the end of the paper a
consequence (of results for n prime) in particular cases of even integers n, of the form 2hm
(m > 3, m prime), is briefly discussed.
2. Preliminaries and recent results
Let n be the set of permutations of Zn (or, equivalently, of permutations of the first n
positive integers). The permanent of an n × n matrix A = (ai,j ) is the number Per(A) .=∑
σ∈n
∏n
i=1 ai,σ (i), while the determinant is Det(A)
.=∑σ∈n(−1)|σ |∏ni=1 ai,σ (i) (|σ | denoting
the parity of σ ).
For any n  3, In is the n × n identity matrix and Pn is the n × n circulant (0, 1) matrix with
the only 1’s in positions (n, 1) and (i, i + 1), i = 1, 2, . . . , n − 1. Any n × n (0, 1) circulant
matrix with three 1’s per row can be expressed in the form P in + P jn + Phn with 0  i < j < h 
n − 1; since Pn is also a permutation matrix, we have Per(P in + P jn + Phn ) = Per(P−in (P in +
P
j
n + Phn )) = Per(In + P j−in + Ph−in ), and thus it is sufficient to analyze the values taken by
Per(In + P in + P jn ) for 1  i < j  n − 1.
In the next sections, we use the symbol Mn,k (where k  n) to indicate the set of n × n (0, 1)
circulant matrices with exactly k nonzero entries per row.
By means of a simple analysis on properties of particular subsets ofn (n  3), in [8] constrain-
ing congruences modulo p (p odd prime) are proved for the permanents Per(In + P in + P jn ) in the
casesn = kph for k = 1, 2, 3, 4: in particular, whenn = ph the congruence Per(In + P in + P jn ) ≡
3 (mod p) is deduced for any i, j .
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The following lemma, proved in [2], is useful for the case gcd(i, j) > 1.
Lemma 1. Let A = In + Pdi′n + Pdj
′
n , with d, i′, j ′ integers such that |{0, di′ (mod n),
dj ′ (mod n)}| = 3.
(a) If d|n and 0 < i′, j ′ < n/d, then Per(A) = [Per(In/d + P i′n/d + P j
′
n/d)]d .
(b) If gcd(d, n) = 1, then Per(A) = Per(In + P i′n + P j
′
n ).
The case (b) of Lemma 1 gives rise to the following corollary.
Corollary 1. Let A = In + P in + P jn , where 1  i < j  n − 1 and at least one of the val-
ues gcd(n, i), gcd(n, j), gcd(n, i − j) is equal to 1. Then for some k with 1 < k < n we have
Per(A) = Per(In + Pn + P kn ).
3. Characterization of parity of Per(A) (A ∈ Mn,k)
A simple but fundamental property characterizes permanents and determinants: for any square
matrix M with integer entries, Per(M) ≡ Det(M) (mod 2) (it follows immediately from the
definitions of Per(M) and Det(M)). In order to study the parity of Per(A)withA ∈ Mn,k , we resort
to the classical expressions for the values Det(A) (see for instance [5]). If M = x0In + x1Pn +
· · · + xn−1Pn−1n is any circulant matrix (with x0, x1, . . . , xn−1 arbitrary complex constants) of












where ωn = e2π i/n ∈ C.
The way in which Eq. (1) is derived is independent of the numerical value of ωn, making use
only of the algebraic relations ωnn = 1 and ωkn /= 1 for any positive k < n.
Now we concentrate on (0, 1) circulants A of fixed order n (n  3) with three ones per row.




(1 + ωkin + ωkjn ). (2)
For n odd, we remark that Eq. (2) holds even considering A as a matrix with entries in the field
Z2. In this case, the expression at the righthand side of (2) has to be understood as a product in the
finite extension Z2(ωn) of Z2, where ωn is any fixed primitive nth root of 1 over Z2. The degree
t of such extension (i.e. the degree of the minimum polynomial of ωn over Z2) is the period of
the Frobenius automorphism of Z2(ωn), which coincides with the period of the residue class 2 in
the multiplicative group Z∗n. Then we have [Z2(ωn) : Z2] = t , where t is the minimum positive
integer such that 2t ≡ 1 (mod n).
Since it is equal to Det(A), in Z2(ωn) the result of the product at the righthand side of (2) can
only be 0 or 1. Since the field Z2(ωn) has no zero divisors, the mentioned product is equal to 0
when at least one of its factors is 0, while it is equal to 1 otherwise.
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Let us analyze a generic factor 1 + ωkin + ωkjn for a fixed integer k with 0  k  n − 1. Clearly
we have 1 + ωkin + ωkjn = 0 if and only if ωkn is a root of the polynomial (not depending on k)
1 + xi + xj ∈ Z2[x]. Thus the product at the righthand side of (2) is 0 if and only if some nth
root (not necessarily primitive) of 1 over Z2 is also a root of the polynomial 1 + xi + xj . This
latter fact is equivalent to the condition gcd(1 + xi + xj , 1 + xn) /= 1 in Z2[x].
What we have just discussed proves the following proposition, which in fact reduces the
calculus of the parity of Per(A) to the calculus of gcd(1 + xi + xj , 1 + xn).
Proposition 1. Let A = In + P in + P jn , with n odd and 1  i < j  n − 1. The value Per(A) is
even if and only if in Z2[x] the polynomial 1 + xi + xj has some nontrivial factor in common
with xn + 1 (or equivalently with xn−1 + xn−2 + · · · + x + 1).
Actually the argument leading to establishing Proposition 1 can similarly be applied to any
n × n (0, 1) circulant matrix, with an arbitrary number k of 1’s per row. The following theorem
is then deduced.
Theorem 1. Let A = In + P i1n + · · · + P ik−1n ∈ Mn,k, with n odd and 1  i1 < · · · < ik−1 
n − 1. The value Per(A) is even if and only if in Z2[x] the polynomial 1 + xi1 + · · · + xik−1
has some nontrivial factor in common with xn + 1.
Example 1. First fix n = 7. The irreducible factors of the polynomial x7 + 1 ∈ Z2[x] are x + 1,
x3 + x + 1 and x3 + x2 + 1. This implies that Per(I7 + Pa7 + P 37 ) is even for a = 1, 2 (actually
its value is 24), while for example Per(I7 + Pa7 + P 47 ) is odd for a = 1, 2, 3 (actually it equals
31).
Now fix n = 15. In Z2[x] the irreducible factors of x15 + 1 are x + 1, x2 + x + 1, x4 + x3 +
x2 + x + 1, x4 + x + 1 and x4 + x3 + 1. This means for example that Per(I15 + P15 + P 415)
is even, as well as Per(I15 + P15 + P 515) (since x5 + x + 1 is a multiple of x2 + x + 1), while
Per(I15 + P15 + P 315) and Per(I15 + P 215 + P 515) (x5 + x2 + 1 being irreducible) are odd.
4. The case n prime
In this section we concentrate on the case n prime greater than 3. First we see two particular
classes of n’s for which the value Per(A) with A ∈ Mn,3 is always odd (actually in one of these
classes we have, for any fixed odd k < n, Per(A) always odd for any A ∈ Mn,k). Then we show
another class of primes n (the classical Mersenne primes) in which (contrary to the previous
classes) we find appropriate circulants A ∈ Mn,k (k odd, k < n; in some cases k = 3) such that
the value Per(A) is even.
Proposition 2. If n > 3 is a prime and the residue class 2 generates the whole group Z∗n (i.e. the
period of 2 in Z∗n is n − 1), then for any circulant A ∈ Mn,3 with three ones per row the value
Per(A) is odd.
Proof. Fix any primitive nth root ωn of 1 over Z2 and let fn(x) ∈ Z2[x] be the irreducible
polynomial having ωn as a root. Since 2 has period n − 1 in Z∗n, it must be fn(x) = xn−1 +
xn−2 + · · · + x + 1. In this case x + 1 and fn(x) are the only irreducible factors of xn + 1, and
consequently any polynomial g(x) ∈ Z2[x] with degree at most n − 1 and with exactly three
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nonzero coefficients is necessarily coprime to xn + 1. By Theorem 1, it follows that for any
choice of A in Mn,3 the value Per(A) is odd. 
In fact the argument in the proof of Proposition 2 can be applied to circulants A ∈ Mn,k , where
k is an arbitrary fixed odd number smaller than n. We then obtain the following important theorem.
Theorem 2. If n is an odd prime such that the residue class 2 has period n − 1 in Z∗n, then, for
any odd k < n and any n × n (0, 1) circulant matrix A ∈ Mn,k with k nonzero entries per row,
the value Per(A) is odd.
A condition necessary (but not sufficient) for n to satisfy the hypothesis of Theorem 2 is that
the element 2 is not a square in Z∗n, i.e. n ≡ ±3 (mod 8). However we can find another (disjoint)
class of n’s (all of which satisfy n ≡ ±1 (mod 8)) which in the particular case k = 3 continue
to verify Theorem 2.
Theorem 3. If n > 7 is a prime such that the residue class 2 has period (n − 1)/2 in Z∗n, then,
for any n × n (0, 1) circulant matrix A ∈ Mn,3 with three 1’s per row, the value Per(A) is odd.
Proof. Since the period of 2 in Z∗n is (n − 1)/2, in Z2[x] the polynomial f (x) = xn−1 + xn−2 +
· · · + x + 1 (whose roots are the nontrivial nth roots of 1 over Z2) factors into two irreducible
polynomials of degree (n − 1)/2, say g1(x) and g2(x). By Corollary 1, it is sufficient to prove
that Per(A) is odd for any A of the form In + Pn + P jn with 1 < j < n. After fixing such an A,
we distinguish several cases according to the value of j .
If 1 < j < (n − 1)/2, clearly the polynomial 1 + x + xj ∈ Z2[x] is coprime to both g1(x)
and g2(x), which implies Per(A) is odd by Theorem 1.
If j = (n − 1)/2, we first apply the case (b) of Lemma 1 (takingd = 2) and we obtain Per(A) =
Per(In + P 2n + Pn−1n ). From this equality we deduce Per(A) = Per(Pn(In + P 2n + Pn−1n )) =
Per(In + Pn + P 3n ), and then (since (n − 1)/2 > 3) once more Per(A) is odd by Theorem 1.
If j = (n + 1)/2, by Lemma 1 with d = 2 the value Per(A) is equal to Per(In + Pn + P 2n ),
which is odd by Theorem 1.
Similarly, when j = (n + 3)/2 we have Per(A) = Per(In + P 2n + P 3n ) (odd by Theorem 1).
When (n + 3)/2 < j < n we have Per(A) = Per(P n−jn (In + Pn + P jn )) = Per(In + Pn−jn +
P
n−j+1
n ), and the latter expression is odd by Theorem 1 since 1  n − j < n − j + 1 < (n −
1)/2.
This completes the proof of the present theorem. 
Contrary to the primes n having the group Z∗n generated by the element 2, the primes of the form
2t − 1 with t  3 (the Mersenne primes greater than 3) admit a significant number of circulant
matrices A ∈⋃(n−3)/2s=0 Mn,2s+1, with an odd number k < n of nonzero entries per row, such that
the value Per(A) is even.
Indeed, consider a generic integer n (not necessarily prime) of the form 2t − 1 with t an odd
prime. Let f (x) be any of the (2t − 2)/t irreducible factors of the polynomial 1 + x + · · · +
xn−2 + xn−1 ∈ Z2[x] (such factors are the only irreducible polynomials in Z2[x] of degree t):
f (x) must be of the form 1 + xi1 + · · · + xih + xt with h odd and 0 < i1 < · · · < ih < t . Let us
set k = h + 2 and A = In + P i1n + · · · + P ihn + P tn ∈ Mn,k . Using Theorem 1, from the relation
f (x)|(xn + 1) in Z2[x] we can deduce that Per(A) is even.
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More generally, let f1(x), f2(x), …, fr(x) (with r = (2t − 2)/t = (n − 1)/t) be the irreduc-
ible factors of 1 + x + · · · + xn−2 + xn−1 in Z2[x]. Any n × n (0, 1) circulant matrix A, lying
in Mn,k for an odd k with k < n, when it corresponds to a polynomial in Z2[x] divisible by some
of fi(x)’s, has Per(A) even.
The following example shows two particular Mersenne primes n greater than 7 which give an
even value for the permanent of specific (0, 1) circulants A ∈ Mn,3.
Example 2. Two interesting cases referring to what was just discussed are represented by n =
31 = 25 − 1 and n = 127 = 27 − 1. By means of the arguments above, one can easily prove that
the value Per(I31 + Pa31 + P 531) is even for a = 2, 3 (while it is odd for a = 1, 4). Similarly, one
can prove that Per(I127 + Pa127 + P 7127) is even for a = 1, 3 (while it is odd for a = 2).
Now, for a fixed prime n > 3, let t be the period of the class 2 in Z∗n; define the inte-
ger α(n) = 2t − 1 ∈ N. Clearly α(n) is a multiple of n, and n  α(n)  2n−1 − 1. Consider
a random n × n (0, 1) circulant matrix A with an odd number of 1’s per row; we want to
find an upper bound concerning the probability for Per(A) to be even. First, we observe that
the polynomial xn−1 + xn−2 + · · · + x + 1 factors into (n − 1)/t irreducible polynomials of
degree t , say g1(x), g2(x), . . . , g(n−1)/t (x). For each i with 1  i  (n − 1)/t , the probabil-
ity, for the (random) polynomial f (x) ∈ Z2[x] corresponding to A, to be divisible by gi(x),
is exactly 1/2t . Then, the probability for f (x) to satisfy gcd(f (x), xn + 1) /= 1 cannot ex-
ceed the value B(n) =∑(n−1)/ti=1 1/2t = n−1t ·2t = n−1(α(n)+1)·log2(α(n)+1) . Since α(n)  n, we have
B(n)  n−1
(n+1) log2(n+1) ; in particular, the equality B(n) =
n−1
(n+1) log2(n+1) holds if and only if n is
a Mersenne prime. We can then deduce that for any prime n > 3 the probability for Per(A) to be
even is lower than 1/ log2(n + 1). (In the particular case t = n − 1, remark that B(n) = 1/2n−1:
this latter equality is equivalent to the result of Theorem 2.)
5. A relation between the cases n = m and n = 2hm (m > 3, m prime)
In this section we want to show that, if m > 3 is a prime such that for any circulant A ∈ Mm,3
the value Per(A) is odd, then the same property holds for every integer of the form 2hm with
h ∈ N.
Assume a prime m is given such that Per(M) is odd for any choice of M in Mm,3. Fix a
generic h ∈ N and set n = 2hm; consider an arbitrary circulant A = In + P in + P jn ∈ Mn,3 with
1  i < j  n − 1. We have to distinguish three possible cases.
1. m| gcd(i, j). In this case (possible only when h  2) by Lemma 1 we obtain Per(A) =
[Per(A′)]m with A′ = I2h + P i′2h + P
j ′
2h for suitable i
′, j ′. From [8] we know Per(A′) ≡ 1
(mod 8), and then Per(A) ≡ 1 (mod 8).
2. |{0, i (mod m), j (mod m)}| = 2. In this case applying methods similar to those in [8] (and
using the fact m is prime), we obtain Per(A) = 2m + 1 + s, where s is a sum of cardinalities
(each of which is an even divisor of n) of appropriate pairwise disjoint subsets of n. This
implies Per(A) is odd.
3. |{0, i (mod m), j (mod m)}| = 3. In this case we have to use the hypothesis Per(M) is
odd for any M ∈ Mm,3. Let us set A0 = Im + P im + P jm ∈ Mm,3. By means of arguments like
those in [8], one can derive Per(A) = Per(A0) + s, s being a sum of cardinalities (in fact
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even divisors of n) of suitable disjoint subsets ofn. Then Per(A) ≡ Per(A0) (mod 2), from
which Per(A) is odd.
We conclude that for any choice of i and j the value Per(In + P in + P jn ) is odd.
Remark 1. In fact the congruence modulo 2, used in the case 3 above, holds for any integer m  3
(not necessarily prime) and any i, j such that 0, i, j are pairwise non-congruent modulo m. If
m, i, j are fixed and |{0, i (mod m), j (mod m)}| = 3, then for any h ∈ N, setting n = 2hm,
we have Per(In + P in + P jn ) ≡ Per(Im + P im + P jm) (mod 2).
6. Conclusions
In this work we have analyzed the question of classification of parity for permanents (or
equivalently determinants) of n × n (n odd) (0, 1) circulant matrices A with three (or, more in
general, an odd number k) of 1’s per row. From such classification, one can see that the value
Per(A) is only rarely even for n prime. In particular, we have found a class of primes n in which
we have Per(A) always odd for k = 3, and another class of primes n with Per(A) always odd for
any odd k < n. Contrary to such cases, after this we have shown another class of very specific
integers (including the Mersenne primes) for which (although in most cases for k odd Per(A)
continues to be odd) there are a significant number of A’s with k odd and Per(A) even.
In fact in this work we have discussed a particular case (p = 2, n odd) of congruence equations
modulo p (p prime) for permanents of specific n × n (0, 1) circulant matrices with n not divisible
by p. We think that the more general case p/|n, p  3 is worth investigating: in order to do this, it is
probably necessary to use a quite different approach, since obviously the formula for determinants
of circulants can be applied to permanents only when p = 2.
References
[1] A. Bernasconi, B. Codenotti, V. Crespi, G. Resta, How fast can one compute the permanent of circulant matrices?
Linear Algebra Appl. 292 (1999) 15–37.
[2] B. Codenotti, V. Crespi, G. Resta, On the permanent of certain (0, 1) Toeplitz matrices,Linear Algebra Appl., 267
(1997) 65–100.
[3] B. Codenotti, G. Resta, Computation of sparse circulant permanents via determinants, Linear Algebra Appl. 355
(2002) 15–34.
[4] P. Dagum, M. Luby, M. Mihail, U. Vazirani, Polytopes, Permanents and graphs with large factors, in: Proc. 29th IEEE
Symp. on Found. of Comput. Sci., 1988, pp. 412–421.
[5] P.J. Davis, Circulant Matrices, John Wiley & Sons, 1979.
[6] G. Resta, G. Sburlati, On the number of different permanents of some sparse (0, 1) circulant matrices, Linear Algebra
Appl. 375 (2003) 197–209.
[7] H.J. Ryser, Combinatorial Mathematics, Carus Math. Monogr. 14 (1963).
[8] G. Sburlati, On the values of permanents of (0, 1) circulant matrices with three ones per row, Linear Algebra Appl.
408 (2005) 284–297.
